Abstract. Stillman posed a question as to whether the projective dimension of a homogeneous ideal I in a polynomial ring over a field can be bounded by some formula depending only on the number and degrees of the minimal generators of I. More recently, motivated by work on local cohomology modules in characteristic p, Zhang asked more specifically if the projective dimension of I is bounded by the sum of the degrees of the generators. We define a family of homogeneous ideals in a polynomial ring over a field of arbitrary characteristic whose projective dimension grows exponentially if the number and degrees of the generators are allowed to grow linearly. We therefore answer Zhang's question in the negative and provide a lower bound to any answer to Stillman's question. We also describe some explicit counterexamples to Zhang's question including an ideal generated by 7 quadrics with projective dimension 15.
Introduction
Throughout this paper, let K be a field of arbitrary characteristic. We consider the following question first raised by Stillman: Question 1.1 (Stillman, [PS09, Problem 3.14]). Is there a bound, independent of n, on the projective dimension of ideals in R = K[X 1 , . . . , X n ] which are generated by N homogeneous polynomials of given degrees d 1 , . . . , d N ?
Equivalently, given a polynomial ring R in arbitrarily many variables and a graded free resolution of the form 0 → F t → · · · → F 2 → F 1 → F 0 (= R) → R/I → 0, does the module F 1 = N i=1 R(−d i ) determine a bound on the length of the resolution t? Here R(−d) denotes a rank-one free module over R generated in degree d. Only partial answers to Stillman's question are known.
More recently, Zhang proposed that the projective dimension of an ideal in a polynomial ring generated by N elements of degrees d 1 , . . . , d N is bounded by the sum of the degrees N i=1 d i . In this paper we show that there are ideals with projective dimension far exceeding this bound and thus provide lower bounds on any possible answer to Stillman's question. More precisely, we produce a family of ideals in m + n 
Preliminaries and Background
We will use A to denote an arbitrary Noetherian commutative ring with identity and reserve R for a polynomial ring the field K. We denote by m the graded maximal ideal of R. For a module M over R, we denote the projective dimension of M by pd(M ). Given a homogeneous ideal I of R, by the projective dimension of I we mean pd(R/I). We also denote the length of the maximal regular sequence on M contained in m by depth(M ).
Stillman's question is partially motivated by the work done on three-generated ideals, that is, ideals generated by three homogeneous polynomials. A construction of Burch [Bur68] in the local case, extended by Kohn [Koh72] in the global case, shows that there exist three-generated ideals of arbitrarily large projective dimension. However, if this construction is applied in the polynomial ring case, as the projective dimension grows, the degrees of the generators are forced to grow as well, thus motivating Stillman's question. More specifically, Engheta shows in [Eng05] that the degrees of the generators in Burch's construction for an ideal of projective dimension n will have degree n 2 . In [Bru76] Bruns proves a stronger result showing that three-generated ideals have resolutions not only of arbitrarily long length, but also matching any free resolution. To be precise, Bruns shows that given a free resolution
of a finitely generated module M over a ring A, there exists free modules and maps
is exact and thus is a free resolution of a three-generated ideal I. Again, however, if one applies this construction to an arbitrary ideal, this comes at the expense of the degrees of the generators of the corresponding three-generated ideal.
Engheta [Eng07] studied the case of 3 cubics and showed that the projective dimension of an ideal generated by 3 cubics is at most 36. This bound is likely not tight as the largest known projective dimension of an ideal generated by three cubics is five. The first such example was found by Engheta [Eng10] . In Section 4 we also construct a simple example of an ideal generated by three cubics with projective dimension five.
Further motivating the study of Question 1.1 is the fact that it is equivalent to the existence of a bound on the Castelnuovo-Mumford regularity of an ideal in a polynomial ring based purely on the number and degrees of the minimal generators of I. (See Problem 3.15 [PS09] .) The equivalence was proved by Caviglia. See [Eng05] for a nice explanation of this argument.
In more recent work, Zhang [Zha10] conjectured that an upper bound for the projective dimension of an ideal I with N generators in degrees
His work involved computations of local cohomology modules in characteristic p > 0 and applications of the Frobenius morphism. Recall that given a module M of R, the j th local cohomology module H j I (M ) of M with respect to an ideal I is defined to be
where the direct limit is taken over maps Ext
induced by the natural surjections R/I s ։ R/I t for s ≥ t. Zhang proved the following result:
(R)) = 0 for every maximal ideal m. This result led Zhang to ask the following stronger questions:
. . , X n ] be the ring of polynomials such that K is any field, and let m be any maximal ideal.
Zhang went on to show ([Zha10, Proposition 5]) that a positive answer to Question 2.2 would imply a positive answer to Question 2.3. Thus a positive answer to either question would also answer Stillman's question and provide an explicit upper bound. In the next section, we show that this upper bound fails in general, thereby giving negative answers to Question 2.2 and Question 2.3.
A similar question was considered by Caviglia and Kummini in [CK08] . They answered a question of Huneke as to whether the projective dimension of an ideal I is bounded by the size of the monomial support, that is, by the number of monomials that appear as terms in a minimal set of generators of I. They construct a family of ideals whose projective dimension grows exponentially with the size of the monomial spread, thus answering Huneke's question in the negative. Our paper is similar in spirit to that of Caviglia and Kummini, however none of the ideals in their construction exceed the bound in Zhang's question. To be precise, for chosen n i ≥ 2 for each 1 ≤ i ≤ d, their construction yields ideals with projective dimension d i=1 n i but with generators whose degrees sum to 
Definition of a Family of Ideals and the Main Result
. . , Y p,n ] be a polynomial ring in m + pn variables over K. We define I m,n,d to be the ideal generated by the following m + n degreed d homogeneous polynomials:
Example 3.2. If we set m = 2, n = 2 and d = 3 and let
. By the following result, pd(R/I 2,2,3 ) = 8. Thus proving that pd(R/I) has a maximal value of m + np is equivalent to proving that depth(R/I) = 0. Thus it suffices to show that m ∈ Ass R (R/I), which is equivalent to showing that m = Ann R/I (T ) = (I : R T ) for some T ∈ R.
. Note that T / ∈ I, and so m ⊃ (I : R T ). It is clear that T X i ∈ I for 1 ≤ i ≤ m.
We now show that T Y j,k ∈ I for 1 ≤ j ≤ p and 1 ≤ k ≤ n. Note that the monomial Z i divides T for every 1 ≤ j ≤ p. Write S j Z j = T where S j is a monomial of degree (d − 1) m − (d − 1). Thus we have modulo I:
For m = 1, this is an empty sum equaling 0 and so clearly T Y j,k ∈ I. If m > 1, observe that for q = j, S q Z j must be divisible by X d i for some i. Therefore T Y j,k ∈ I for all 1 ≤ j ≤ p and 1 ≤ k ≤ n.
Examples and Asymptotic Growth of Projective Dimension
In this section we describe explicitly some specific examples of the ideal construction from the previous section. Later we consider the asymptotic growth of the projective dimension of a subfamily of the ideal I m,n,d . 
By the above theorem, pd(R/I) = 2 + 1 (M 2,2 ) = 2 + 3! 2!1! = 2 + 3 = 5.
The first example of an ideal generated by 3 cubics with projective dimension 5 was found by Engheta [Eng10] .
Since M 2,d grows linearly with d, it takes at least 4 generators to find a counterexample to Zhang's question. The following are three of the 'smallest' counterexamples.
Example 4.2 (Seven quadrics with projective dimension 15). Let
a polynomial ring with 15 variables, and let I = I 3,4,2 . Then I is generated by 7 homogeneous polynomials of degree 2; namely,
where Finally, we consider the growth of pd(R/I n−1,1,n ), where we allow both the number of generators and the degree to grow linearly. Note that I n−1,1,n is an ideal with n generators each in degree n. By Theorem 3.3 its projective dimension is pd(R/I n−1,1,n ) = n−1+ (2n − 3)! (n − 2)!(n − 1)! > 2n − 3 n − 2 · 2n − 4 n − 3 · 2n − 5 n − 4 · · · n − 2 1 > 2 n−2 .
We summarize this calculation in the following result:
Corollary 4.7. Any general upper bound for the projective dimension of an ideal with N generators of degree N must be at least 2 N −2 .
Remark 4.8. A finer analysis of the asymptotic growth of pd(R/I n−1,1,n ) is possible using Stirling's approximation. (See e.g. [GKP89] .) One finds that pd(R/I n−1,1,n ) grows asymptotically as .
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